A remark on the Kazhikhov–Smagulov type model: The vanishing initial density  by Sy, Mamadou
Applied Mathematics Letters 18 (2005) 1351–1358
www.elsevier.com/locate/aml
A remark on the Kazhikhov–Smagulov type model: The vanishing
initial density
Mamadou Sy∗
Laboratoire de Mathématiques, Université Blaise Pascal, 63177 Aubière cedex, France
Laboratoire d’Analyse Numérique et d’Informatique, UFR S.A.T, Université Gaston Berger de Saint-Louis, BP 234, Sénégal
Received 11 January 2005; accepted 14 February 2005
Abstract
This work deals with the global existence of weak solutions for a Kazhikhov–Smagulov type system with a
density which may or not vanish. Our model is formally equivalent to the physical compressible model with Fick’s
law, in contrast to those in previous works. This model may be used for addressing environmental problems such
as propagation of pollutants and avalanche modelling. We also explain why this system may be seen as a physical
regularization of the standard nonhomogeneous incompressible Navier–Stokes equations and we give an existence
result with an initial density less regular but away from the vacuum.
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1. Introduction
In this work, we consider a system which governs a viscous flow corresponding to the mixing of
miscible homogeneous flows, for example water and salted water, in a domain Ω during a time interval
(0, T ), with an effect of mass diffusion governed by a Fick’s law; see systems (2)–(3).
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Assuming some compatibility conditions of the diffusion and the diffusivity in Fick’s law, we can
prove that the system may be written in the form

∂tρ
λ + div (ρλvλ) = λρλ in QT
ρλ(∂tv
λ + vλ · ∇vλ) − λvλ · ∇∇ρλ − λ∇ρλ · ∇vλ
− div ((µ + λφ(ρλ))∇vλ) + ∇ pλ = ρλ f in QT ,
div vλ = 0 in QT ,
(1)
with φ(ρλ) = ρλ; vλ is the incompressible part of the velocity of the flow, pλ a potential, ρλ its density;
f denotes the exterior forces, λ the diffusivity, µ the viscosity of the fluid. We write QT = (0, T ) × Ω .
With this system, the global existence of weak solutions for the Kazhikhov–Smagulov type model
with an initial density which may or not vanish may be easily obtained.
The Kazhikhov–Smagulov type model (1) with φ = 0 has been studied by many authors in the
case of an initial density that satisfies ρ0 ≥ m > 0. For instance it has been studied in [1,2], where
they prove the existence of global weak solutions, a local strong solution and uniqueness assuming
λ < µ/(‖ρ0‖L∞ − m) where ρ0 ≥ m > 0. In [3], Guillén-Gonzalez shows the global existence of weak
solutions for (1) with φ = 0 and ρ0 ≥ 0 under the same assumption, λ < µ/‖ρ0‖L∞ . He also proves
the convergence towards the nonhomogeneous Navier–Stokes system studied by Simon; see [4]. All the
preceding results make an assumption regarding the relative magnitudes of λ, µ and the bounds of ρ0. It
also concerns system (1) which cannot be obtained directly without simplification.
The recent work of Bresch et al. (see [5,6]) and Sy (see [7]) shows for the first time that the choice of
φ(ρ) = ρ and µ = 0 allows one to obtain a Kazhikhov–Smagulov type model [2] from system (2)–(3)
without simplification and without any assumption on the diffusivity. They also give a global existence
result for weak solutions without any assumption regarding λ in the case ρ ≥ m > 0. On the basis of
this observation, Étienne et al. [8] have done direct numerical simulations of exchange flows for large
density ratios of miscible flows and have compared the results to experiments. These simulations show
that explicit compatibility conditions for the diffusion and viscous terms allow one to fit the experiments
closely.
As we said before, system (1) is derived from the following physical system:{
∂tρ
λ + div (ρλuλ) = 0 in QT
∂t (ρ
λuλ) + div (ρλuλ ⊗ uλ) − div ((µ + λφ(ρλ))∇uλ) + ∇qλ = ρλ f in QT , (2)
with φ(ρλ) = ρλ and with Fick’s law
uλ = vλ − λ∇ log ρλ, div vλ = 0. (3)
We just have to express the equations with respect to (ρλ, vλ). This calculation has been done in [6] for
µ = 0 and φ(ρλ) = ρλ. In fact if we assume µ = 0, it does not change the result of [5] since the extra
term enters in the pressure gradient. The particular choice of the viscosity is important, since if we choose
for instance only φ(ρλ) = 0 in the previous system, we get some extra terms with respect to λ2 when we
try to express the equations with respect to vλ and ρλ. This model on (ρλ, vλ), with the O(λ2) terms, has
been studied by Da Veiga [9], Da Veiga et al. [10] assuming that λ/µ is small enough and ρ0 ≥ m > 0.
Under the same assumptions, Secchi, in [11,12], has proved the existence and uniqueness of a strong
solution for two-dimensional flows and the convergence (as λ → 0) for two- and three-dimensional
flows towards the corresponding solutions of the nonhomogeneous Navier–Stokes system.
In this work we give the, to our knowledge, first global weak existence result for a system of type (1)
without smallness assumptions on the coefficients and with an initial density that may vanish. We only
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assume that φ(ρλ) = ρλ and µ = 0. The advantage of this model is that it is equivalent to the
compressible flow system with Fick’s law (2)–(3) without suppressing the O(λ2) terms. We also indicate
at the end how to get the nonhomogeneous Navier–Stokes equations from the Kazhikhov–Smagulov
ones letting the diffusivity λ tend to zero. We will also explain how to get the existence of global weak
solutions for an initial density only in L2(Ω) ∩ L∞(Ω) when this density is far from the vacuum.
The work is organized as follows. In Section 2 we describe the functional spaces and equivalent
norms, and complete the statement of the problem. In Section 3, we obtain the existence result, in
Section 4 we explain in words how to get the standard nonhomogeneous Navier–Stokes equations letting
λ go to 0 and, at the end, we give an existence result for an initial density that is less regular.
2. Functional spaces, equivalent norms and modelization
We introduce standard spaces of the Navier–Stokes framework for the velocity:
H = {v ∈ L2(Ω)3; div v = 0, v · n = 0 on ∂Ω},
V = {v ∈ H 1(Ω)3; div v = 0, v = 0 on ∂Ω}.
The following norms are equivalent:
‖v‖H 1(Ω) ∼ ‖∇vλ‖L2(Ω) in V .
On the other hand, for the density, let us consider the following spaces:
H kN (Ω) =
{
ρ ∈ H k(Ω); ∂ρ
∂n
= 0 on ∂Ω,
∫
Ω
ρ(x) =
∫
Ω
ρ0(x)
}
,
where k = 1 or 2. Obviously, H kN (Ω) = ρ¯0 + H kN,0(Ω), where ρ¯0 = (1/|Ω |)
∫
Ω ρ0(x) dx and
H kN,0(Ω) =
{
ρ ∈ H k(Ω) : ∂ρ
∂n
= 0 on ∂Ω,
∫
Ω
ρ(x) = 0
}
.
Hence, H kN,0(Ω), k = 1 or k = 2, is a closed subspace of H kN (Ω). Consequently,
‖ρ‖L2(Ω) ∼ ‖ρ‖H 2(Ω) in H 2N (Ω).
The Kazhikhov–Smagulov type model described by the system (1) is completed by the following
boundary conditions:
∇ρλ · n|∂Ω = 0, vλ|∂Ω = 0, (4)
and the initial conditions
ρλ|t=0 = ρ0 in Ω, (5)(∫
Ω
ρλvλ · u
)
|t=0
=
∫
Ω
ρ0v0 · u, ∀u ∈ V, (6)
where ρ0 and v0 denote the initial density and velocity and vλ(0, .) = v0 in Ω .
1354 M. Sy / Applied Mathematics Letters 18 (2005) 1351–1358
We rewrite (1) in conservative form, which is an equivalent and useful formulation:

(ρλvλ)t + div [ρλvλ ⊗ vλ − λ(∇ρλ ⊗ vλ + vλ ⊗ ∇ρλ)
− (µ + λφ(ρλ))∇vλ] = ρλ f − ∇ p in QT ,
ρλt + div (ρλvλ) − λρλ = 0 in QT ,
div v = 0 in QT .
(7)
Definition 1. Given ρ0 ∈ H 1(Ω) ∩ L∞(Ω), v0 ∈ H and f ∈ L1(0, T ; (L2(Ω))3), we call (ρλ, vλ) the
weak solution of the Kazhikhov–Smagulov type model (1) in QT if
ρλ ∈ L∞(QT ) ∩ L∞(0, T ; H 1N (Ω)) ∩ L2(0, T ; H 2N (Ω)),
vλ ∈ L2(0, T ; V ), ρλvλ ∈ L∞(0, T ; (L2(Ω))3),
and it satisfies, for all Ψ in D([0, T ) × Ω),
−
∫
QT
(
ρλΨt + (ρλvλ − λ∇ρλ) · ∇Ψ
) = ∫
Ω
ρ0Ψ (0, x), (8)
and, for all ϕ ∈ (D([0, T ) × Ω))3 such that div ϕ = 0,
−
∫
QT
ρλvλϕt +
[
(ρλvλ ⊗ vλ − λ(∇ρλ ⊗ vλ + vλ ⊗ ∇ρλ)] : ∇ϕ
+
∫
QT
(µ + λφ(ρλ))∇vλ) : ∇ϕ −
∫
QT
ρλ f ϕ =
∫
Ω
ρ0v0 · ϕ(0, x).
(9)
Remark.
• An equivalent definition can be found in [2].
• Using a De Rham type result given by Simon (see [4]) one can say that the equality (9) is equivalent
to the existence of a distribution p such that (1)2 is verified in W−1,∞(0, T ; (H−1(Ω))3).
3. Existence result
Theorem 2. We assume Ω ⊂ R3 to be a Lipschitz open and bounded domain and φ(ρλ) = ρλ. Let
v0 ∈ H, ρ0 ∈ H 1(Ω) ∩ L∞(Ω) with ρ0 ≥ 0 and f ∈ L1(0, T ; (L2(Ω))3).
Then, there exists at least one weak solution (ρλ, vλ) for the Kazhikhov–Smagulov type model (1) in
QT .
Proof. We give here the key arguments of the proof where we will skip the power λ index for the sake
of simplicity.
Approximate solutions
One considers the Schauder basis in the space V (w1, . . . , wn, . . .) such that wm is in (C(Ω))3 for all
m ≥ 1 and (wi , w j )(L2(Ω))3 = δi j for i, j ≥ 1.
We denote by V m the subspace of V such that V m = span{w1, . . . , wm} and we consider vm0 ∈ V m
such that vm0 → v0 in H .
For all m, we define an approximate solution (ρm, vm) as follows:
ρm ∈ L∞(QT ) ∩ L2(0, T, H 2(Ω)); vm ∈ W 1,1(0, T ; V m)
M. Sy / Applied Mathematics Letters 18 (2005) 1351–1358 1355
such that

∫
Ω
(ρm(vmt + (vm · ∇)vm − f ) − λ[vm · ∇∇ρm + ∇ρn · ∇vm]) · u
+
∫
Ω
(µ + λρm)∇vm : ∇u = 0, ∀u ∈ V m a.e in (0, T ),
vm(0, x) = vm0 (0)
(10)
and {
ρmt + (vm · ∇)ρm = λρm a.e in QT ,
∇ρm · n = 0 on (0, T ) × ∂Ω; ρm|t=0 = ρ0 +
1
m
in Ω . (11)
The existence of approximate solutions (ρm, vm) can be obtained by an fixed point argument, with a
linearization. The reader can see for example the course [13].
Remark. The solution (ρm, vm) satisfies the weak formulation, ∀u ∈ V m ,∫
Ω
(ρmvm)t · u −
∫
Ω
[ρmvm ⊗ vm − (µ + λρm)∇vm] : ∇u
+λ
∫
Ω
[∇ρm ⊗ vm + vm ⊗ ∇ρm] : ∇u =
∫
Ω
ρm f · u, (12)
and the mass equation in the distribution sense
ρmt + div(ρmvm) = λρm . (13)
First estimate on ρm , vm
By the weak maximum principle we get
1
m
≤ ρm ≤ M + 1, for all m ≥ 1.
This gives, in particular, ρm ∈ L∞(QT ).
Taking u = vm(t) in (10) and using the density equation (11)1, we obtain
1
2
d
dt
∫
Ω
ρm(vm(t))2 + λ
∫
Ω
ρm(curl vm(t))2 + µ
∫
Ω
(∇vm(t))2 =
∫
Ω
ρm f · vm(t)
≤ (M + 1)‖ f ‖(L2(Ω))3‖
√
ρmvm(t)‖(L2(Ω))3 .
Thus, using on the right hand side the Young inequality, we get from Gronwall’s lemma the following
estimates:√
ρmvm and ρmvm bounded in L∞(0, T ; (L2(Ω))3), (14)
vm bounded in L2(0, T ; V ), (15)
and √
ρmcurl vm bounded in L2(0, T ; (L2(Ω))3).
Then we get from (15)
(ρm)
1
8 vm bounded in L
8
3 (0, T ; (L4(Ω))3).
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Thus
(ρm)
1
2 vm bounded in L
8
3 (0, T ; (L4(Ω))3). (16)
By direct calculation we get from (16)
ρmvm ⊗ vm bounded in L 43 (0, T ; (L2(Ω))9). (17)
Estimate on ρm
We get, for all ρm in H 2(Ω) ∩ L∞(Ω) with ∇ρm · n|∂Ω = 0,
‖∇ρm‖2
(L4(Ω))3 ≤ C‖ρm‖L2(Ω)‖ρm‖L∞(Ω).
As in [6] and [3], we take the gradient of (11)1, we multiply it by ∇ρm , taking into account the preceding
estimate, and we get
1
2
d
dt
‖∇ρm‖2
(L2(Ω))3 +
λ
2
‖ρm‖2L2(Ω) ≤ C‖∇vm‖2(L2(Ω))9 a.e in (0, T ).
This gives
ρm bounded in L∞(0, T ; H 1(Ω)) ∩ L2(0, T ; H 2(Ω)). (18)
Time derivative estimates and compactness
From (15) and (18) we get
ρmt bounded in L2(0, T ; L
3
2 (Ω)). (19)
Using a lemma given in [14], we obtain compactness for ρm in C(0, T ; H 1(Ω)). Thus the initial
condition for the density (5) is satisfied.
For the initial condition (6), from the variational formulation (12) and the estimate on vm , ρmvm and
ρm , we get∣∣∣∣ ddt
∫
Ω
ρmvm · u
∣∣∣∣ ≤ (K + gm(t))‖∇u‖(L2(Ω))9, ∀u ∈ V m .
where gm is a bounded sequence in L
4
3 (0, T ) and K ∈ L1(0, T ).
Using the same argument as in [13], we get the compactness of ∫Ω ρmvm ·u in C(0, T ). Consequently
we obtain (6).
To be able to pass to the limit in the term ρmvm ⊗ vm , we show, doing the same calculation as in
[6,13,4] and [7],
‖τδ(ρmvm) − ρmvm‖2
L2(0,T−δ;(L 65 (Ω))3)
≤ Cδ 12 ,
where 0 < δ < T and τδg(t) = g(t + δ).
Now we pass easily to the limit in the different terms and we get the solution of (1). 
4. A convergence result
In this part we explain in words how to get the standard nonhomogeneous Navier–Stokes equations
from the Kazhikhov–Smagulov (1) by letting λ go to 0. Namely we prove how to get the following
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system

ρt + div (ρv) = 0 in QT ,
ρ(vt + v · ∇v) − µv + ∇ p = ρ f in QT ,
div v = 0 in QT .
(20)
More precisely we prove the following result
Theorem 3. Let us assume Ω ⊂ R3 be a Lipschitz open and bounded domain and φ(ρλ) = ρλ. Let
v0 ∈ H, ρ0 ∈ H 1(Ω) ∩ L∞(Ω) with ρ0 ≥ 0 and f ∈ L1(0, T ; (L2(Ω))3).
Then, there exists a subsequence, also denoted (ρλ, vλ), of global weak solutions of (1) which
converges in a weak sense to a weak solution (ρ, v) of (20).
Sketch of proof. The proof is standard and follows the same lines than in [3]. Using the uniform
estimates
√
λ∇ρλ in L2(QT ), vλ in L2(0, T ; H 10 (Ω)) and
√
λρλcurl vλ in L2(QT ), we can prove that
the terms involving λ tend to zero in the weak formulation that means that we find the weak formulation
of the standard nonhomogeneous Navier–Stokes equations. In order to get the initial conditions, we only
have to use the compactness of the density continuously in time and the information on ddt
∫
Ω ρ
λvλ · ψ
with ψ ∈ V m as in [10]. The interested reader may find explanations in [4].
5. An initial density which is less regular
If we want to relax the regularity on ρ0, that means if we want to take ρ0 ∈ L∞(Ω)∩ L2(Ω), we have
to assume that we are far from the vacuum, that is ρ0 ≥ m > 0. In that case we can easily prove the
following result.
Theorem 4. We assume that Ω ⊂ R3 is an open bounded domain with ∂Ω ∈ C2 and φ(ρ) = ρ.
Let v0 ∈ H, f ∈ L1(0, T ; (L2(Ω))3) and ρ0 ∈ L2(Ω) ∩ L∞(Ω) be such that ρ0 ≥ m > 0.
Then, there exists at least one weak solution (ρ, v) for the Kazhikhov–Smagulov type model (1) in QT
such that
v ∈ L∞(0, T ; H) ∩ L2(0, T ; V ) and ρ ∈ L∞(QT ) ∩ L∞(0, T ; L2(Ω)) ∩ L2(0, T ; H 1N (Ω)).
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